The gravitational collapse of a massless scalar field enclosed with a perfectly reflecting wall in a spacetime with a cosmological constant Λ is investigated. The mass scaling for the gapped collapse
I. INTRODUCTION
In 1993, Choptuik [1] found an interesting so-called type II critical phenomenon in the gravitational collapse of a massless scalar field in spherically symmetric asymptotically flat spacetimes. He looked closely at the threshold between black hole(BH) formation and dispersion, and found that the masses of BHs formed from supercritical configurations follow a power-law behavior:
γ . Here parameterizes a one-parameter family of initial data, 0 corresponds to the threshold and γ is a universal exponent which is around 0.37. A few years later, Choptuik, Chmaj and Bizon found the type I critical phenomenon in gravitational collapse of YangMills field [2] . The BH formations here turned on at a finite mass (mass gap), unlike the type II case where the BH formation turned on at zero mass. The BH masses of supercritical solutions in this case do not follow a powerlaw scaling. Instead, the span of time which describes how long the configuration stays in the vicinity of the critical solution scales as: T ∝ ln( − 0 ). For recent reviews on the critical phenomenon in gravitational collapse, please see [3, 4] .
When it comes to the asymptotically AdS spacetime, the situation is very different. Due to the confinement property of the timelike boundary of AdS, the subcritical configurations can be reflected by the boundary and also collapse into BHs. There are many thresholds n which divide the supercritical and subcritical configurations. The type II critical phenomenon was confirmed for the supercritical configurations and the masses of the BHs follow a power-law behavior [5] [6] [7] [8] . For the subcritical configurations, a new power-law behavior:
ξ was first observed recently in [9, 10] , where ξ = 0.7 is universal in the same sense as in the Choptuik's scaling law, M AH is the initial black hole * cairg@itp.ac.cn † jiliwei@itp.ac.cn ‡ aqiu@kias.re.kr mass at the subcritical solution and M g is the mass gap. Contrary to the cases discovered by Choptuik and his cooperators which have been understood very well, this new gapped scaling behavior is still mysterious. For example, we still don't know if there is any asymptotic scaling symmetry near the critical point as the case found in the Choptuik's Type II critical phenomena, and whether it can appear in other matter fields and gravity theories such as Yang-Mills field, Gauss-Bonnet theory and so on. Note that the critical exponent γ in the Choptuik's scaling law is universal for the asymptotically flat and AdS cases. It would be very interesting to see whether the critical exponent ξ in the gapped scaling law is universal or not in confined spacetimes. In order to see whether the turbulent behavior is an exclusive domain of asymptotically AdS spacetime or a typical feature of "confined" Einstein's gravity with reflecting boundary condition, Maliborski [11] investigated the collapse of a massless scalar field enclosed in a cavity. He observed a similar turbulent behavior and multiple critical phenomena as in the asymptotically AdS case. The recent work [12] further pointed out that the new gapped critical relationship found in Refs. [9, 10] can also appear in asymptotic flat space-time with reflecting wall. One of interesting results reported in Ref. [12] is the critical exponent in the mass scaling law with a gap is 0.6, which is different from its value in the asymptotic AdS case reported by Refs. [9, 10] . This difference gives a very important signal that this new gapped critical behavior has some essential difference compared with what we have known in the Choptuik's type II critical behavior, as it has been proven that the critical exponent is independent of the cosmological constant.
To understand why such difference happens and what are the roles of cosmological constant and reflecting wall in this difference, one can investigate such gapped critical behavior with a cosmological constant Λ and a reflecting wall located in the radius R. Such a setup was first proposed in Refs. [13] [14] [15] to investigate the role played by the fully resonant spectrum of AdS in the turbulent instability. It is found that backgrounds with non-resonant frequencies cannot cause collapse at arbitrarily small fre-quencies [15] . In this paper, we study the model as the same as the one in Refs. [13] [14] [15] . However, we focus on the critical phenomena near the threshold of black hole formation, instead of turbulent instability of the spacetime. One of our main purposes is to make a bridge to understand the difference between the results in the confined asymptotic flat case and those in the asymptotic AdS case. To be specific, our main motivation is to investigate the influence of cosmological constant and the position of wall on the exponent of mass scaling of the subcritical configurations, which will be shown in this paper that only the value of ΛR 2 is relevant. Our numerical results show a clear change of critical exponent ξ from 0.37 in the asymptotic dS case with ΛR 2 = 1.5 to 0.7 in the asymptotic AdS case with ΛR 2 → −∞ found in [9, 10] . This result is very different from the case in type II mass scaling of supercritical configurations which has already been proven to be independent of the cosmological constant [16] . In addition, we also find a new time scaling
ζ for the forming time of the gapped black hole, where the critical exponent is also dependent of the value of ΛR 2 .
Our paper is organized as follows: In Sec.II, we present the equations of motion in double null coordinates and introduce the algorithms briefly. In Sec.III, we display the results of our numerical simulations. We conclude in Sec.IV.
II. SET UP
We consider the gravitational collapse of a real scalar field in a spherical cavity defined by setting a perfectly reflecting mirror at some finite radial radius r = R. The dynamics of the system is governed by the Einstein-scalar equations,
where G αβ is the Einstein tensor, Λ is the cosmological constant, φ is the massless scalar field and G is Newton gravitational constant. In what follows we set G = 1 for convenience. Following [12, 17] , we take the metric ansatz in the double null coordinate,
where dΩ 2 is the two-dimensional sphere metric, u is an outgoing null coordinate and v is an ingoing null coordinate. We take u as the null time and v as the null spatial coordinate. For any quantity f , an overdotḟ stands for ∂f ∂u , while a prime f represents ∂f ∂v .
We introduce two auxiliary fields h andḡ such that,
where v 0 is defined by r(u, v 0 (u)) = 0. From the (v, v) and (u, v) components of the Einstein equations (1), we get,
The evolution of h can be obtained from the KleinGordon equation (2),
The two boundaries of the computational domain are located at r(u, v) = 0 and r(u, v) = R, respectively. In the double null coordinates, these two boundaries are dynamic and evolve with u. So we need to fix the computational domain first by deleting extra grid points in the center and adding more points on the outer boundary [12] , before we impose boundary conditions.
Near r = 0, in order to overcome the inaccuracy due to the explicit factor of 1/r in the expressions forh,ḡ and g, we expand h in a Taylor series in r [17] ,
Then the expansions for the rest of the variables in r can be obtained by substituting (9) into (4), (5) and (6) . The coefficients of the expansions can be expressed in terms of h 0 , h 1 , h 2 . All we need to do is to find out these three coefficients. This is done by fitting the first three values of h to a second-order polynomial [16] . We impose the Dirichlet boundary condition at r = R,
The value of φ at those added points can be given by fitting the last few values of φ and φ(R) to a fourthorder polynomial. The rest variables can be obtained by definition.
The Misner-Sharp mass contained within the sphere of radius r is defined as
To find the initial mass of the black hole, we need to find out where and when the black hole forms. This can be achieved by using apparent horizon(AH). One can easily find that the position of apparent horizon is given bȳ g/g = 0 [18] . Let r AH be the initial apparent horizon radius and r g is its value at the critical solution, from the Eq. (11) we can easily see that
), so the mass and the radius of initial black hole have the same scaling behavior and share the same critical exponent.
III. NUMERICAL RESULTS
We use a 4th-order Runge-Kutta scheme to solve the time evolution equations (7), (8) . At every time step, those points whose value of r is negative are removed and those points whose value of r is smaller than R are added. Then the functionsh, g,ḡ are calculated in sequence using (4), (5), (6) . A detailed description can be found in [12] .
We choose the Gaussian-type initial data for the scalar field,
where , σ are two parameters. For our simulations we set σ = 1/8. Besides these parameters, there are two other parameters, the cosmological constant Λ and wall position R. Let's consider a scaling transformation:
This transformation will not change the forms of Eqs. (4)- (8) and will not change the solution of metric and scalar field. This scaling property means that for the two parameters Λ and R, only the value of ΛR 2 is relevant on the system.This leads that we can fix the wall position and only study the influence of the cosmological constant on the system. The AdS limit then can be obtained by two equivalent manners, one is fixing Λ to be any negative value and then taking R into ∞, the other is fixing R and taking Λ → −∞.
In addition, we will treat the cosmological constant as a free parameter in the model rather than constrain it to be negative. As the reflecting wall plays the role to confine the energy, even for the asymptotic dS case, the bounce can also appear and weak turbulence can still appear. When the amplitude is large enough, the wave packet collapses to form an AH on its first implosion. When the amplitude is smaller than some threshold 0 , it is too weak to form an AH on its first implosion. The wave package bounces, travels "instantaneously" to the mirror and is reflected back by the mirror. An AH might form on its second implosion. This scenario repeats again and again as we decrease the amplitude continuously. The critical amplitude which separates those AHs formed on their (n − 1)th and nth implosions is denoted as n−1 .
However, this picture breaks down when the cosmological constant is too positive. In this case, the cosmological constant is so large that the cosmological horizon will be located inside the cutoff r = R, the bounced subcritical wave package can't touch the mirror and can't be reflected back to start its second implosion. This is like the case that this mirror does not exist. In this case, there is no black hole formation. Therefore we will always consider the case with the reflecting wall is inside the cosmological horizon when the cosmological constant is positive.
To study the influence of the rescaled radius ΛR 2 on the critical behavior, we change the cosmological constant Λ, with the cut off R fixed (we choose R = 1 for convenience). Then the AdS limit corresponds to Λ → −∞. Note the dS limit doesn't need that ΛR 2 → ∞, as we have discussed, because of the existence of the cosmological horizon, it only needs that ΛR 2 > Λ dS R 2 > 0, where Λ dS is the solution ofḡ(0, r)/g(0, r)| r=R = 0 for given initial scalar field's configuration. When → 0, Λ dS = 3/R 2 . For nonzero , Λ dS is less than 3/R 2 and depends on the initial configuration.
A. Critical amplitude
We first consider the effect of cosmological constant Λ on the critical amplitudes n . For a fixed Λ, the critical amplitudes n are found using bisection method. The result for 0 between the first and second branches is shown in Fig. 1 . As we can see, 0 increases as we increase the cosmological constant Λ, which indicates that a positive Λ suppresses the collapse of the scalar field, while a negative Λ enhances it. This can be understood since a positive cosmological constant provides an additional negative pressure, while a negative cosmological constant does the opposite.
When the magnitude of the cosmological constant is near to zero, the dependence of the critical amplitude on Λ is almost linear, which is consistent with the result in [16] .
B. Critical black hole
Mass gaps between the branches of collapsed scalar fields are also found in our model, which are first noticed by Santos-Oliván and Sopuerta [9, 10] in the asymptotically AdS case. The reason why there are such mass gaps is that the subcritical configurations have to travel to the boundary and come back, suffering from a finite compression, according to [9, 10] . Different cosmological constant may have different effect on this compression process.
Since the critical amplitudes n for each Λ have already been found in the previous section, we can run a simulation for each n to get the critical radius of the black hole and calculate the corresponding Misner-Sharp mass. However, in these cases, the scalar field has already developed very sharp feature before the bounce, which causes great numerical errors during evolution. Instead, we suppose the AH mass follows a power-law behavior of the type M AH − M n+1 g ∝ ( n − ) ξ , following [9] . We perform a series of subcritical simulations near each critical amplitude, and find the best fitting for M n+1 g and ξ (see Fig. 2 ). Interestingly, the collapse time near each critical amplitude is also found to be well fitted by a power-law of the type
ζ . The time gaps T n+1 g and exponent ζ can be calculated in a similar way (see Fig. 3 ) Since the exponent ξ is universal (in the sense that it is the same for all the mass gaps/branches [10] and it is also confirmed in our case), here we only focus on the critical behavior near the first mass gap M 1 g for simplicity.
1. Power-law of black-hole mass Table I. In [16] , Hod and Piran showed that the exponent γ of Choptuik's mass scaling: M AH ∝ ( − 0 ) γ for supercritical configurations is immune to the existence of cosmo- logical constant Λ. It can be understood as follows. The critical solution which determines γ shows its structure on smaller and smaller spatial (and temporal) scales as it evolves. And the effect of cosmological constant Λ on the critical solution becomes less and less important and ultimately disappears when a naked singularity forms. So the exponent γ is expected to be independent of Λ. However, the situation is different when it comes to the mass scaling on the left side of the mass gaps. The critical solution which determines the exponent ξ collapses into a black hole of a finite size, instead of a naked singularity. So the cosmological constant Λ always has a finite contribution. We expect the exponent ξ to be different when Λ is different, which is conformed in Table I .
The exponent ξ grows as we decrease the cosmological constant Λ. We expect it to approach the exponent in the AdS limit which is around 0.70 [10] , as Λ goes to −∞. As we can see in Table I , the precision in the simulation is not so good when the magnitude of Λ is large. This is due to the fast adding or deleting grid points in these cases, which causes extra numerical errors.
The mass gap M Fig. 4 to the power-law:
black holes into which the first subcritical configuration collapses. We plot the mass gaps M 1 g for different Λ in Fig. 5(a) .It shows a very interesting behavior. We observe a nearly linear increasing behavior of M To understand such a behavior, one should first note that the total mass of the subcritical configuration for each Λ is different. The total mass is calculated using (11). As we can see in Fig. 5(b) , it grows as we increase the cosmological constant Λ, which dominates the behavior of M 1 g when Λ ∈ [−1.75, 0.5]. However, in fact there is also a contract effect when we increase the cosmological constant, which may lead mass gap to decrease. Because a negative (positive) Λ introduces an enhancement (suppression) to the finite compression of the subcritical configuration during its last travel to the boundary and come back, which makes the scalar field collapse to form an AH a little bit earlier (later). Such effects may lead the position of the AH formed is further from the origin when Λ is decreased. In other words, the mass gap M 1 g may be decreased when cosmological constant is increased. To separate the effects coming from the total mass and see this effect indeed happens clearly, we consider the mass ratio ρ ≡ M g /M total , which describes the ratio of black hole mass to the total mass. The dependence of ρ on Λ is displayed Fig. 5(c) . The result is consistent with the argument we just give above: ρ is negatively correlated to Λ. So the behavior of mass gap is just the competition of this two effects and there is indeed an inflexion point shown in Fig. 5(a) . Fig. 5(c) shows a monotonous dependence of Λ. Two extremal case that Λ → −∞ and Λ → Λ dS are very interesting, though our numerical solver can't directly explore them. For the former case, the system should recover to the asymptotic AdS case, where the value of M g /M total is a finite nonzero value. For the latter one, when Λ > Λ dS , cosmological horizon is now located inside the mirror, so the energy will be absorbed into cosmological horizon and the subcritical configuration can not be reflected on the boundary to start its second implosion. When Λ → Λ dS , as the wall is near to the cosmological horizon, one can expect the most part of the energy will be holden by the reflecting wall and the initial black hole mass will contain a little part of the total energy. Then we have a very interesting conjecture that ρ will approach to some finite value ρ 0 as Λ goes to −∞ and ρ → 0 at some finite Λ → Λ dS .
Power-law of collapse time
The step-like increase of collapse time is common when one considers the gravitational collapse of some matter fields in bounded domains [7, 8, 11] . We confirm this structure of collapse time in our simulations. What is more interesting is that when we make a more close look Fig. 6 to the power-law:
at the collapse time near the critical amplitude, we find a power-law behavior:
ζ , similar to the power-law relation of the black hole mass. Fig. 6 shows ln(t) as a function of ln(a), where t = T AH − T 1 g . The points are well fitted by a straight line whose slope is ζ for each Λ. The fitting results are displayed in Table II. The exponent ζ also increases as we decrease the cosmological constant Λ. Since the collapse time is less sensitive to the numerical errors than the collapse mass of the black hole, the precision of the parameters displayed in Table II is better than the one displayed in Table I . Fig. 7 shows the time gap of critical collapse T 1 g for different Λ. It grows monotonously as we increase Λ, which is consistent with the argument we gave in the last section: a negative (positive) Λ introduces an enhancement (suppression) to the formation of black hole.
As the same as what we have analyzed, we also conjecture that T 1 g will tend to a finite value when ΛR 2 → ∞ and tend to infinite when Λ → Λ dS . However, our numerical solver can't give a clear evidence for this conjecture. It is worth further studying in the future.
IV. CONCLUSION
Though the confined asymptotic flat space-time and asymptotic AdS space-time share many same properties in black hole forming, such as weak turbulence, multiple type II critical gravitational collapses and so on, an interesting but still poor understood difference among the critical exponents at the new gapped critical point has been pointed out recently. The main aim of this paper is to try make some attempts to understand why such a difference happens and what the roles of cosmological constant and reflecting wall are in this difference.
Though the cosmological constant and the position of reflecting wall are both involved, as there is a scaling symmetry, only the value of ΛR 2 is relevant. Our numerical results showed a clear evolution of the critical exponent ξ when we change the value of ΛR 2 . This is a very interesting result and gives out a clear piece of evidence to show that there are some unknown essential differences compared with the Choptuik's type II mass scaling of supercritical configurations which has already been proved to be independent of the cosmological constant in Ref. [16] . In addition, we also found a new time scaling T AH − T g ∝ ( c − ) ζ for the forming time of the gapped black hole, where the critical exponent is also dependent of the value of ΛR 2 . Note that the Choptuik's type II critical behavior coming from an emergent discrete (or continuous) selfsimilarity near in the critical region and the critical exponent are related to the Lyapunov's index [19, 20] . The self-similarity induces a conformal symmetry. The mass and the charge of scalar and the value of cosmological constant are all irrelevant operators in such a conformal transformation. It is interesting to see whether there is any such a discrete (or continuous) self-similarity in the new gapped critical solution. However, based on the this paper, it becomes clear that if such a self-similarity dose exist, the cosmological constant must be a relevant operator. We hope to report further study on this issue in the future.
